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Abstract
We study the question whether the composite of two expansive maps is itself expansive. The
answer to this question is a resounding no. We will actually establish a stronger fact. We will give
an example of two dynamical systems which are topologically exact and Ruelle expanding with
respect to two different, equivalent and compatible metrics, but whose composite is far from being
expansive, for it is locally eventually contracting towards a fixed point a completely invariant, dense
open subspace.
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1. Introduction
The notion of expansiveness was introduced by Utz [6] in 1950. Until now, two main
problems have been further investigated. On the one hand, some people (for instance,
see [1,2]) have been working on the following problem: What kind of space does admit
an expansive map? Some others (see [5], for example), on the other hand, have been
considering the following problem: Given a space, what kinds of maps have an expansive
behavior? In both cases, one and only one map was considered at a time.
In this short note, we raise a different question. We ask whether the composite of any
two expansive maps, defined on the same space, is expansive.
Obviously, the answer to this question is negative if the two maps are expansive
homeomorphisms. Indeed, if f :X → X is an expansive homeomorphism of a metric space
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(X,d), then so is its inverse f −1, and their composite, the identity map, is not expansive
whenever the underlying space X is infinite. Recall that f is an expansive homeomorphism
if there exists a constant ε > 0 such that d(f n(x), f n(y))  ε for all n ∈ Z implies that
x = y .
However, the answer to the question whether the composite f ◦ g of two positively
expansive maps f :X → X and g :X → X is positively expansive is more nebulous. Recall
that a map f is said to be positively expansive if there exists a constant ε > 0 such that
d(f n(x), f n(y)) ε for all n ∈ Z+ implies that x = y .
Indeed, observe that if both f and g are expanding with respect to the same metric d
on X, then their composite is also expanding with respect to d , and thereby expansive.
Recall that a map f is called expanding if there exist constants a > 0 and λ > 1 such that
d(f (x), f (y))  λd(x, y) whenever d(x, y) a. Recall also that f is said to be Ruelle
expanding (cf. [4]) if it is both open and expanding.
We will first give a simple example of two maps, defined on the same compact
topological space, that are Ruelle expanding with respect to two different equivalent and
compatible metrics, but whose composite is not expansive. More precisely, the composite
proves to be contracting “half” of the space towards a single fixed point (whereas it is
expanding on the other “half”).
Another similar, though slightly more complicated, example is provided. In this case,
both f and g are additionally topologically exact. Their composite is contracting a “eighth”
of the space towards a single fixed point as before, but it is further locally eventually
contracting a completely invariant, dense open subset of the space towards that very same
point (whereas it is expanding on the complement of this latter set, that is, on a completely
invariant, nowhere dense, closed subspace).
2. A first example
Let X = {0,1}Z+ unionsq {0,1}Z+ consist of two disjoint copies of the one-sided full two-
shift. In order to distinguish these copies, we denote the first one by Σ1 and the second one
by Σ2, and by σ1 and σ2 their respective shift maps. We further use the notation (x0x1 . . .)t
to denote the point (x0x1 . . .) of Σt , and [x0x1 · · ·xs−1]t (s ∈ N), to represent the cylinder
of points of Σt whose first s coordinates are successively x0, x1, . . . , xs−1. We assume that
X is endowed with the metric
d(x, y) =
{
2−l if x, y ∈ Σt for the same t,
1 otherwise,
where l is the smallest non-negative integer for which xl = yl . (In case x = y , we adopt the
usual convention l = ∞ and 2−∞ = 0.)
There is a family of metrics that will be of particular interest to us:
Definition 1. Let µ > 1. Given n ∈ N and h :X → X a map, define
dhn(x, y) =
n−1∑
m=0
1
µm
d
(
hm(x),hm(y)
)
.
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It is well known that if hn is expanding with respect to the metric d with constants
a and µn, then h is expanding with respect to dhn with constants a and µ. This is just
Mather’s change of metric (cf. [3]). It is also easy to see that if h is Lipschitz with respect
to d , then dhn is equivalent to d for every n.
We further denote by π :Σ1 → Σ2 the natural identification map between Σ1 and Σ2,
that is, π(x0x1 . . .)1 = (x0x1 . . .)2. Now, we define f,g :X → X as
f (x) =
{
π
(
σ 21 x
)
if x ∈ Σ1,
π−1(0x) if x ∈ Σ2,
and
g(x) =
{
π(0x) if x ∈ Σ1,
π−1
(
σ 22 x
)
if x ∈ Σ2.
Lemma 2. The maps f and g are Ruelle expanding with respect to the metrics df 2 and
dg2 respectively, and these latter two metrics are equivalent to the original metric d . (The
equivalence of two metrics ρ and ρ˜ means that there exists a constant C  1 such that
C−1  ρ(x, y)/ρ˜(x, y) C whenever x, y ∈ X, x = y .)
However, neither f ◦g nor g ◦f is expansive. More precisely, though f ◦g is expanding
on the “half-space” Σ2, it is contracting the “half-space” Σ1 towards the fixed point
(0∞)1. The composite g ◦ f has similar properties.
Proof. Both f and g are open and continuous since the image and inverse image of every
cylinder under each of these maps are (finite) unions of cylinders. Now, observe that
f 2(x) =
{
0σ 21 x if x ∈ Σ1,
σ2x if x ∈ Σ2,
and
g2(x) =
{
σ1x if x ∈ Σ1,
0σ 22 x if x ∈ Σ2.
Hence both f 2 and g2 are expanding maps with respect to d (with common constants
a = 1/4 and λ = 2). It follows from this that f and g are expanding with respect to the
metrics df 2 and dg2 , respectively (with common constants a and µ =
√
λ ). These latter two
metrics are further equivalent to d , for f and g are Lipschitz with respect to d . However,
(f ◦ g)(x) =
{00x if x ∈ Σ1,
σ 42 x if x ∈ Σ2,
and
(g ◦ f )(x) =
{
σ 41 x if x ∈ Σ1,
00x if x ∈ Σ2.
In particular, note that (f ◦ g)(Σt ) ⊂ Σt for each t = 1,2. Moreover, notice that f ◦ g is
contracting Σ1 towards the fixed point (0∞)1, since every application of f ◦ g adds two
0’s to the beginning of every point of Σ1. On the other hand, f ◦ g is expanding on Σ2
(with constants A = 1/24 and Λ = 24), for every point in Σ2 loses its first 4 coordinates
under f ◦ g. 
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3. A more interesting exampleIn the following, i, j, k, l ∈ {0,1} are arbitrary as far as they satisfy i = j and k = l. The
space upon which the dynamics take effect is the same as before, but we now define
f (x) =


π
(
σ 21 x
)
if x ∈ Σ1, x0x1 = ij,
σ 21 x if x ∈ Σ1, x0x1 = ii,
π−1
(
σ 22 x
)
if x ∈ Σ2, x0x1 = ij,
σ 22 x if x ∈ Σ2, x0x1 = 11,
π−1(0x) if x ∈ Σ2, x0x1 = 00,
and, similarly,
g(x) =


π
(
σ 21 x
)
if x ∈ Σ1, x0x1 = ij,
σ 21 x if x ∈ Σ1, x0x1 = 11,
π(0x) if x ∈ Σ1, x0x1 = 00,
π−1
(
σ 22 x
)
if x ∈ Σ2, x0x1 = ij,
σ 22 x if x ∈ Σ2, x0x1 = ii.
Lemma 3. The maps f and g are topologically exact, and Ruelle expanding with respect
to the metrics df 2 and dg2 , respectively.
Proof. Both f and g are open, continuous maps since the image and inverse image of
any cylinder under any of these maps are (finite) unions of cylinders. Observe also that
f (Σt) = X and g(Σt ) = X for every t = 1,2, and therefore f and g are surjective maps.
Moreover,
f 2(x) =


σ 41 x if x ∈ Σ1, x0x1x2x3 = ijkl,
π
(
σ 41 x
)
if x ∈ Σ1, x0x1x2x3 = ij11,
0σ 21 x if x ∈ Σ1, x0x1x2x3 = ij00,
π
(
σ 41 x
)
if x ∈ Σ1, x0x1x2x3 = iikl,
σ 41 x if x ∈ Σ1, x0x1x2x3 = iikk,
σ 42 x if x ∈ Σ2, x0x1x2x3 = ijkl,
π−1
(
σ 42 x
)
if x ∈ Σ2, x0x1x2x3 = ijkk,
π−1
(
σ 42 x
)
if x ∈ Σ2, x0x1x2x3 = 11kl,
σ 42 x if x ∈ Σ2, x0x1x2x3 = 1111,
π−1
(
0σ 22 x
)
if x ∈ Σ2, x0x1x2x3 = 1100,
π−1(σ2x) if x ∈ Σ2, x0x1 = 00,
and g2 has a similar expression.
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Observe that, given a cylinder c = [c0c1 · · ·cs−1]t , at least one and at most four of the
leftmost coordinates of c are lost after every iteration of f 2. Observe further that any
cylinder of length four or less is mapped onto X by (f 2)2. Therefore, there is a smallest
n = n(c) ∈ N such that (f 2)n(c) = X for any given cylinder c. This shows that f is
topologically exact. Evidently, a similar argument applies to g.
The same observation shows that both f 2 and g2 are expanding maps with respect
to d (with common constants a = 1/24 and λ = 2). It follows from this that f and g are
expanding with respect to the metrics df 2 and dg2 (with common constants a and µ =
√
λ ).
Notice once again that these latter two metrics are equivalent to d , since both f and g are
Lipschitz with respect to d . 
Now let us have a look at f ◦ g:
(f ◦ g)(x) =


σ 41 x if x ∈ Σ1, x0x1x2x3 = ijkl,
π
(
σ 41 x
)
if x ∈ Σ1, x0x1x2x3 = ij11,
0σ 21 x if x ∈ Σ1, x0x1x2x3 = ij00,
π
(
σ 41 x
)
if x ∈ Σ1, x0x1x2x3 = 11kl,
σ 41 x if x ∈ Σ1, x0x1x2x3 = 11kk,
00x if x ∈ Σ1, x0x1 = 00,
σ 42 x if x ∈ Σ2, x0x1x2x3 = ijkl,
π−1
(
σ 42 x
)
if x ∈ Σ2, x0x1x2x3 = ijkk,
π−1
(
σ 42 x
)
if x ∈ Σ2, x0x1x2x3 = iikl,
σ 42 x if x ∈ Σ2, x0x1x2x3 = ii11,
π−1
(
0σ 22 x
)
if x ∈ Σ2, x0x1x2x3 = ii00.
Lemma 4. The backward orbit of the cylinder [00]1 under f ◦ g, namely C :=⋃n∈Z+(f ◦
g)−n([00]1), is a dense, open, completely invariant subset under f ◦ g.
Proof. The openness of C is an immediate consequence of the openness of [00]1 and the
continuity of f ◦ g.
Furthermore, observe that (f ◦ g)−1(C) = C, for (f ◦ g)−1([00]1) ⊃ [00]1 and hence
C =⋃n∈N(f ◦ g)−n([00]1). So (f ◦ g)−1(C) = C. Since f ◦ g is surjective, we further
deduce that (f ◦ g)(C) = C. Hence C is completely invariant under f ◦ g.
Finally, given x ∈ X, there is a unique t ∈ {1,2} for which x ∈ Σt . Denote as (y(n))n∈Z+
the sequence defined by y(n) = (x0x1 · · ·x4n−10∞)t . It is easy to see that the application of
f ◦ g to any point of X results in either the loss of the first four coordinates of the point or
in the point being mapped into [00]1. Hence (f ◦ g)n+1(y(n)) ∈ [00]1 and, consequently,
(y(n))n∈Z+ is a sequence in C which converges to x . So C is dense in X. 
Lemma 5. The composite f ◦ g is expanding on X\C. However, it is globally contracting
[00]1 and locally eventually contracting the set C towards the fixed point (0∞)1. In
particular, f ◦ g is not expansive. Nor is g ◦ f .
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Proof. First, note that (f ◦ g)([00]1) = [0000]1. By induction, we obtain that (f ◦
g)n([00]1) = [02n]1. So f ◦ g is contracting [00]1 towards the fixed point (0∞)1.
Recall now that each iteration of a point under f ◦ g results in either the loss of the
first four coordinates of the point or in the point being mapped into [00]1. So, given x ∈ C,
t ∈ {1,2} with x ∈ Σt , and n = n(x) ∈ Z+ the smallest non-negative integer for which
(f ◦ g)n(x) ∈ [00]1, we have (f ◦ g)n([x0x1 · · ·x4n+3]t ) ⊆ [00]1. This means that f ◦ g
is locally eventually contracting the dense, open, completely invariant set C towards the
fixed point (0∞)1.
On the other hand, f ◦ g is expanding on X\C (with constants A = 1/24 and Λ = 24),
since every point in this set loses its first four coordinates upon application of f ◦ g. 
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